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Transitivity and mixing properties

for Lorenz maps

Peter Raith

Abstract. Assume that f : [0, 1]→ [0, 2] is a continuous strictly increasing

function, and suppose that f is di�erentiable on (0, 1) \ F where F is a

�nite set. Moreover suppose that inf f ′ > 1, where inf f ′ := infx∈(0,1)\F f
′(x).

Because of these assumptions there exists a unique c ∈ (0, 1) with f(c) = 1.
Now de�ne Tfx := f(x) − bf(x)c, where byc is the largest smaller or equal

to y. Then Tf is called a Lorenz map. Such maps are also called monotonic

mod one transformations with two monotonic pieces. Observe that these

maps are piecewise monotonic maps but have a discontinuity at c. Moreover,

limx→c− Tfx = 1 and limx→c+ Tfx = 0. Using a standard doubling points

construction one can apply all usual de�nitions of dynamical systems also to

monotonic mod one transformations.

Topological transitivity and di�erent mixing properties are important notions

in chaotic dynamical systems. Fix a real number β satisfying inf f ′ ≥ β.
If β ≥

√
2 or if β ≥ 3

√
2 and f(0) ≥ 1

β+1
or f(1) ≤ 2 − 1

β+1
then Tf

is topologically transitive. Moreover, it is also topologically mixing except

in the cases f(x) =
√
2x + 1 − 1√

2
, f(x) = 3

√
2x + 2+ 3√4−2 3√2

2
and f(x) =

3
√
2x+ 2− 3√4

2
.

Often used other notions in this context are locally eventually onto and renor-

malizability. According to the classical de�nition Tf is called locally even-

tually onto if for any nonempty open set U there exist open subintervals

U1, U2 and natural numbers n1, n2 such that Tf
n1 maps U1 homeomorphic-

ally to (0, c) and Tf
n2 maps U2 homeomorphically to (c, 1). Every locally

eventually onto map is topologically mixing but the converse need not be

true. It was believed that Tf is locally eventually onto if and only if Tf is not
renormalizable. Unfortunately this is not true. To obtain this equivalence

the de�nition above has to be improved.
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